Prior continuum models of van der Waals force between carbon nanotube walls assume that the pressures be either the same on the walls, or inversely proportional to wall radius. A new continuum model is obtained analytically from the Lennard-Jones potential for van der Waals force, without the above assumptions. Buckling of a double-wall carbon nanotube under external pressure is studied, and the critical buckling pressure is much smaller than those models involving the above assumptions. a)
In order to overcome limitations of atomistic simulations, continuum models have been developed for carbon nanotubes (CNT), such as the linear elastic shell theory 1,2 , finite-deformation membrane theory 3 and shell theory 4 based on interatomic potentials. For multi-wall CNTs, the interaction between walls is governed by the van der Waals force, which is characterized by the Lennard-Jones 6-12 potential, ( ) ( ) ( ) There are two types of continuum models to represent the van der Waals force between CNT walls. One assumes the pressure to be the same, in out p p = , between two adjacent CNT walls 6 , where p in and p out are pressures on the inner and outer walls. The other assumes the pressure to be inversely proportional to the wall radius 7, 8 , i.e., in in out out p R p R = , where R in and R out are the inner and outer wall radii (Fig. 1 ).
The purpose of this letter is to avoid the above assumptions and obtain the pressures on inner and outer walls analytically from the Lennard-Jones 6-12 potential. Such analytical expressions will be useful in the continuum modeling of multi-wall CNTs and their composite materials. Analytical expressions are also obtained for the effective pressures on the inner and outer walls of electrically charged double-wall CNTs.
Cylindrical coordinates ( , , R z θ ) are used for the double-wall CNT with the inner and outer radii R in and R out shown in Fig. 1 (Fig. 1) . interactions between atoms from adjacent CNT walls 9 . For an infinitesimal area in dA on the inner wall, the net force in the normal direction is ( )
, which gives the pressure on the inner wall as ( )
Similarly, the pressure on the outer wall is ( )
For the Lennard-Jones 6-12 potential, the above pressures are obtained analytically as (not shown in Fig. 2 ), all pressures are positive (i.e., repulsive force), while they become negative (i.e., attractive force) for large inter-wall spacing Equations (1) and (2) are used to study buckling of a double-wall CNT subjected to external pressure p ext . The deformation is uniform prior to buckling, but its rate becomes non-uniform at the onset of buckling. The analysis is similar to that for a single-wall CNT 13 except that (i) the outer wall is subjected to a net external pressure p ext -p out ;
(ii) the inner wall is subjected to an external pressure p in ; and (iii) p in and p out are related to the inner and outer wall radii R in and R out via Eqs. (1) and (2). Equations (1) and (2) 
